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ABSTRACT: The expansion of the hydrodynamic radius Ry in inverse powers of N'/2 is presented for three
chain models which allow only for local structure along the chain. The effect of chain stiffness is included
in one of the models. Formulas are presented to interpret Ry data for relatively short chains. The approach

to the Gaussian chain limit as N — « is discussed.

Introduction

The discrepancy between the experimental value of the
translational diffusion coefficient of a polymer molecule
in a dilute solution, measured by quasi-elastic light scat-
tering, and its theoretical value obtained from Kirkwood’s
approximate formula has revived interest in the theoretical
calculation of the diffusion coefficient of macromolecules
in solution. The discrepancy, first pointed out by Schmidt
and Burchard,! refers to the observation that the measured
value of the diffusion coefficient of a polymer at the 6
point, D, is about 15% smaller than the theoretical value
D, calculated with the Kirkwood formula? for Gaussian
chains, i.e., Dy = 0.1955kgT/bN/? with the usual meaning
of the symbols. The magnitude of the approximation in
this formula had been discussed earlier in the case of
flexible chains with the preaveraged Oseen tensor. By
obtaining the exact asymptotic solution of the Kirkwood—
Risemann integral equation, Kurata and Yamakawa?®
calculated the diffusion coefficient as 0.192kgT/bN'/2.
Zimm* showed that the Kirkwood formulation represents
the diffusion coefficient of the center of resistance, and
obtained kgTv,/ ¢ for the diffusion coefficient where v, is
the lowest Zimm eigenvalue and £ is the friction coefficient
per bead. He gave the numerical constant also as 0.192
instead of 0.1955. Horta and Fixman® obtained estimates
for the magnitude of the correction to the Kirkwood for-
mulas of about 1.68% of D,;, much smaller than the ob-
served discrepancy. Recently, Zimm® obtained an upper
bound for D,/D, where D; = Dy — D, in the case of the
nonpreaveraged Oseen tensor as approximately 15%.
Fixman’ estimated D, /D as about 8%, which is again not
quite sufficient to explain the observed discrepancy men-
tioned above.

The physical nature of the approximation involved in
the Kirkwood formula has been clarified essentially by
Dubois-Violette and de Gennes® in 1968, for the case of
the preaveraged Oseen tensor. They showed that D, is the
short-time diffusion coefficient for the diffusion of the
center of mass and does not take into account the coupling
between the internal and translational motions. They also
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showed that the diffusion coefficient D(t), defined in terms
of the mean-square displacement of the center of mass as
(AR (£)|?) = 6D(t)t, varies gradually from Dy to D as t —
», due to deformation of the molecule during diffusion (see
also Mansfield®). Using linear response theory Akcasu'®
derived a formal expression for D(¢) = D, — D,(¢) in the
case of the nonpreaveraged Oseen tensor and calculated
D, /D, as a function of molecular weight when the Oseen
tensor is preaveraged. The asymptotic analytical form of
D, = D;(«) was first obtained by Fixman’ in the case of
nonpreaveraged hydrodynamic interaction.

The remaining discrepancy, of the order of 7-8% after
the D, correction has been made, may seem to be too small
to be of any physical significance. Since the accuracy of
the measurement of the diffusion coefficient by light
scattering is considered to be better than about 5%, and
the measured value is consistently smaller than the cal-
culated value, the remaining discrepancy has continued
intriguing the theoreticians. Guttman et al.!! calculated
D, for chains created by Monte Carlo simulation in which
both excluded volume and nearest-neighbor interactions
are included, and found that the ratio p = Rg/Ry, where
R is the radius of gyration and Ry is the hydrodynamic
radius for such chains, is closer to the experimentally ob-
tained p and differs from that obtained for an analytical
Gaussian chain. In this and in a recent paper,'? they also
discussed the difficulties in extrapolating 1/Ry to its
long-chain limit from the data obtained experimentally or
by computer simulation. The question of extrapolation
of the Monte Carlo results for short chains to long-chain
limit has also been discussed by Fixman and Mansfield!®
recently.

The molecular weights used in the measurement of the
diffusion coefficient by dynamic light scattering are usually
less than 108 to satisfy the Guinier condition. The number
of statistical segments N in such molecules may not be
large enough for the long-chain Gaussian chain models to
be applicable to the interpretation of the diffusion ex-
periments especially if one worries about discrepancies of
the order of 10% or less. The inverse moments of the
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distribution function ¥(R;;) of the vector distance R;; be-
tween two monomers, sucfl as 3;;(1/R;) involved in the
diffusion coefficient, attain their asymptotic limits more
slowly than moments such as (R;?) involved in computing
the radius of gyration.

The purpose of this paper is to obtain the asymptotic
expansion of 1/Ry in inverse powers of N'/2 for various
chain models and investigate analytically the manner in
which the long-chain limit is approached. The analytical
models considered do not include excluded volume or
attractive interactions among all the segments, but one
model does allow for interaction between adjacent seg-
ments of the chain in an attempt to model chain stiffness.
The resuits enable one to assess the effect of finite chain
length quantitatively on the accuracy of the calculations
and to discuss the physical quantities that must be taken
into account in the interpretation of experiments with
relatively short chains.

Theoretical Background

The short-time diffusion coefficient of the center of mass
of a flexible polymer chain in solution is given in Kirk-
wood—Riseman theory by?

1
_t D* 1
3OV + 1)2 ,,kzo tr (D) &

where D'* = D(R,,) is the diffusion tensor, N is the number
of bonds in the chaln, R, is the vector distance between
jth and kth monomers, and tr D* is the trace of the 3 X
3 Cartesian tensor D (R). This formula is often referred
to as Kirkwood’s approximation to the diffusion coefficient.
By replacing D (R) by its Fourier representation, one can
cast eq 1 into the form

Dy = Def1 + [¢/(2n)"]  d% TaRISK) - 1]

0=

where Dy = kgT/£(N + 1) is the diffusion coefficient in
the free-draining limit, kgT is the temperature of the so-
lution in energy units, £ is the friction coefficient per
monomer, and T(k) is the Fourier transform of T(R) =
(1/3) tr T(R), where T (R) is the hydrodynamic interaction
tensor. The S(k) is the static structure factor of the chain
defined by

S(k) =

N+ 1( Z exp(ik-R;)) (3)

with normalization S(0) = N + 1. Equation 2 was first
obtained by Akcasu! (in 1981) in a more general context
to calculate the first cumulant of the dynamic structure
factor as a function of momentum transfer, the concen-
tration dependence of self-diffusion and collective diffusion
coefficients, and the mobility in polyelectrolyte solutions.'®
Recently, it has been used by Burchard et al.’® to calculate
the diffusion coefficient of branched polymers with partial
labeling.

An attractive and important feature of eq 2 is that it
expresses D)y, which is a dynamic quantity, in terms of a
static quantity S(k). The nontrivial concentration and
temperature dependence of D, is implicit in S(k). Equa-
tion 2 enables one to calculate D, even when S(k) is
available only experimentally. Furthermore, the hydro-
dynamic tensor in eq 2 is not restricted to any particular
form. One is allowed to use the usual Oseen tensor or any
modified version of it that includes corrections for short
separation distances and screening effects. We must
however keep in mind that D, itself is an approximation
to the true diffusion coefficient D and does not include the
dynamics of the internal modes during diffusion.

Translational Diffusion Coefficient of Short Chains 939

In this paper, we use eq 2 to obtain a power series ex-
pansion for the hydrodynamic radius (1/Ry) in powers of
N2 in order to study the short-chain effects on the
diffusion coefficient. We use the conventional form of the
Oseen tensor in the subsequence calculations

Tk) = — = 4

where 7 is the viscosity of the solvent. Thus, eq 2 becomes

Dy = DR[ +2 —f dk GN(k)] )

where we have introduced Gy(k) through
S(k) = 1 + 2Gx(k) (6)

_L S (expGkRy) )

Gvk) = SN+ D i

where the prime on the summation implies the exclusion
of the diagonal terms. It is often more convenient to in-
troduce the hydrodynamic radius through the Stokes—
Einstein relation Dy = kg7 /67nRy:

a3V 2oL (L
RHl'(w) (N+1)bh*+<R> ®

1 —
(et iofann
h* = £/ (nbr(127)1/2) (10)

In these equations b is a step length in a statistical sense
that enters into the chain model used in the calculation
of S(k) or Gu(k), and h* is related to the conventional
draining parameters Zy = £/nb.

In the remainder of the paper we consider two random-
flight chain models and one Gaussian chain model with
nearest-neighbor interaction to calculate 1/Ry explicitly.

Random-Flight Chains
For these chains the distributions of the bond vectors

where

I

b;=Rj;-R;,j= ., N, are independent of each other
so that G N(k; defmed in eq 7 can be written as!™'8
N
Gy(R) = nz=:1 (1 N7 1)7 (k) (11)

where 7(k) is the characteristic function of the bond vector
distribution function. The geometric series involved in eq
11 can easily be summed:

T 1 1- )]
GN(k)—l—‘r[l_l—f(N+1)- (12a)
or

N T T 1-Y]
oo () e(52)] o

The reason for presenting these two identical forms is that
they both have been used in the literature.!”!®* We sup-
pressed the argument of (k) in eq 12.

The Gaussian and freely jointed chain models are
characterized by the form of their r(k)

r(k) = exp(-k2b%/6) (Gaussian) (13a)
7(k) = j,(kb) (freely jointed) (13b)
where jo(kb) = sin (kb)/kb is the spherical Bessel function
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Table I

Ao A, A,
Gaussian 3.685 4.036 -1.84
freely jointed 3.685 5.178 -0.18

of zeroth order. We note that the usual summation in-
volved in

(;) L/N+D3 S /Ry (14
ij=0

has been performed exactly in this approach rather than
replacing it by an integration as is usually done. Using eq
13 in eq 12 one reduces the calculation of (1/R) to a single
integral. In both chain models b6N'/2(1/R) can be ex-
pressed as a power series

bN'2(1/R) = A ~14l+&+01N3/2 15
(1/R) = Nt N (1/N?¥?) (15a)

The large-N limit, A,, is given in both models by (see
Appendix A)

4(6Y%) e x2-1+ e
Ao = - ‘I:) dx __'_‘x4 —

= 8(2/3m)1/2 (15b)

which is the integral of the Debye form. The coefficient
A, has different values in Gaussian and freely jointed chain
models.

4(6%) = 1 e’
A = =
1 - j; dx i —

] (Gaussian)

(16)
4 p- 6 Jolx) . .
a7

The coefficient A, is calculable, but not important for our
discussions so that we do not present its expression. Table
I represents the numerical values of A;, 4,, and 4, We
add in passing, for comparison, that bNY/%(1/R) = (3/
27)1/2 = 0.691 and 0.5 for a Gaussian and rigid dumbbel!
(N = 1), respectively.

The analytical results for the freely jointed chain ob-
tainecg here are implicit in the paper by Akcasu and Hig-
gins.!

Gaussian Chain with Stiffness

This model assumes that the bond vector distribution
P(b,,...,b,) is Gaussian with an additional parameter to
include the possibility of mutual dependence of adjacent
bonds. A similar model was used by Jannink and Sum-
merfield'® to include chain stiffness in the calculation of

the dynamic structure factor.
We assumed P(by,...,by) to be of the form

3 1 N
P = A expy-— b, [? + [b,?
b2
(18a)
where the normalization factor A is given by
= (3/27b2)SN/2(1 — p2)-8W-1)/2
This particular form is chosen because it gives
(bj'b]ﬁ = bZﬁU_kl (18b)

for all j, k = 1, ..., N (see Appendix B for a systematic
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derivation of eq 18a from the requirement (18b)). Here
R is the average of the cosine of the angle between adjacent
bonds, and b is the root mean square of the bond length.
Clearly g = 0 limit reproduces the flexible Gaussian dis-
tribution. In the limit of @ = 1, the distribution reduces
to

P(b,,...by) —
5(b; — by)...6(by_;
which represents a rod with each bond vector having the

same Gaussian distribution. The advantage of the model
is that it allows an exact calculation of Gx(k) as

N s
GN(k)_s?l(l_N*'l

- by)(3/2b%7)V/% exp(-3by? /2b%)

)e—(ksz/G)[as-B(l—(n)s)] (19)

where we have used

(IR;1?) = b?[as - B(1 - (B)°] (20)
with s = |{ - j|, and introduced
1+z
o= —— (21a)
1-4
sE2m/(1-p)? (21b)

Equation 20 is a known result due to Kratky and Porod.?
The radius of gyration in this model can be calculated
by using eq 20 in

R2..________ 12
o+ 1)2l§o R

as

N+2 B/a)
= blaN (N+ 1)—2(N+ 1)[1‘

= 1- 5 (N+1)
(3) £ li- A 22)
NJi-z N+DA-p
which behaves as Rg = b(aN/6)'/? for large N. Since R
~ b(aN)V? in this model, we normalize (1/R) as
b(aN)'/?(1/R) in finding its expansion in power of N-1/2,

After some algebra we find for @ < 1, approximately (see
Appendix C)

- B,
b(Na)'/*(1/R) = Ay— ——— + O(1/N) (23)
where A, is the slope of the Gaussian chain corresponding
ton =0, and

Bi(p) =

6 al/2-1 ® 1 1
2{; 2 +f1ds[[s—ﬁ(l—nﬁ)/a]l/fsﬁ]}

(24)

In the rod limit where @z = 1, Rg? = b>N(N + 2)/12 so that
we must normalize (1/R) as Nb(1/R) in its large-N ex-
pansion. The for @ = 1 we have

bN(1/R) = 2(N/(N + 1))[C - 1 + In (N)] + O(1/N?)
(25)

where C = 0.57721 is the Euler’s number. The approxi-
mate formula in eq 23 is not capable of reproducing the
rod limit that contains the usual logarithmic divergence.
It however indicates that the slope of b(Na)/%(1/R) in-
creases with @ and becomes in fact positive for values of
& larger than approximately 0.42.




Macromolecules, Vol. 18, No. 5, 1985

6-5 T [ T T

5.5
A
@
=
\
> 4.5
Qo
3.5
Freely Jointed
| L
25 A 2 3
AN

Figure 1. Variation of (1/R) with 1/N'/2 for various chain
models. The solid curves depict the exact numerical calculations
for N up to 10000. The dashed lines denote the slopes calculated
analytically in the text.
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Figure 2. Product 6"/2R,(1/R) vs. 1/N*2 for the various chain
models. The shape of the figure is essentially the same as Figure
1 except for small N and large &.

Figure 1 shows (aN)Y/2(1/R) as a function of N'/2 for
the models discussed above. The curves are calculated
numerically by performing summations directly, rather
than using the approximate analytical formulas derived
above. The factor («N)!/2 is the asymptotic, large-N form
of R,. Figure 1 shows that a simple scaling by the as-
ymptotic form of R, is not universal. In the experimental
treatment of the data, one takes independently measured
values of R, and (1/R) at a given molecular weight and
forms their product.!! To mimic this, we have plotted 6!/2
R (1/R) vs. 1/N*/2 in Figure 2. The results are similar
to those found in Figure 1 except for small N and high z.

Modification of Hydrodynamic Interaction

Now we can consider the sensitivity of (1/R) to modi-
fications on the Oseen tensor at short distances. One could
use the Rotne and Prager?! model for the hydrodynamic
interaction, but we use instead a simpler model that lends
itself better to computations. We modify the Oseen tensor

as
y I [1-efR
2 - —
Feq 61"7( R; >eq 2

where ¢ is an adjustable parameter. The conventional
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Figure 3. Effect of different choices of hydrodynamic interaction
models at short separation distances on (1/R). For { — = we
obtain the Gaussian chain with no modifications in the hydro-
dynamic interaction at short distances. For comparison the dashed
line is the freely jointed chain. The + are the Monte Carlo data
of Guttman et al.!! For the Monte Carlo data N and b are in
statistical units (see discussion in ref 11).

Oseen tensor results are recaptured when { — « and the
free drain limit (Oseen tensor equal to zero) when { = 0.
The divergence at R;; = 0 is removed in the model when
¢ is finite. The attractive feature of the model is that the
equilibrium average in eq 26 can be calculated for a
Gaussian chain analytically. Replacing (2/R;;) in eq 14
by ([1 - exp(-{R;;)]/R;;), we obtain

bNV%(1/R) =
(%)1/2 1 N (N+1-¢) .
(N+1¥2 o sz

2x.ex’ erfe (x,)
(27)

where x, = (bs'/2/61/2, We calculated this summation
numerically for values of N up to 31000 for {b = «, (b =
1, and ¢{b = 1.5. The results are presented in Figure 3 along
with the results for the freely jointed chain. The Monte
Carlo results obtained by Guttman!! et al. are also marked
in the figure for comparison with analytical results. It is
observed that the modification of the Oseen tensor at short
distances has no effect on {1/R) in the long-chain limit,
but it tends to bring the Gaussian chain results closer to
the Monte Carlo results for shorter chains.

T

Discussion and Conclusions

We have shown that for two cases the expansion for

{1/R) is of the form
A, A A
bB/R) = =55 * o

We might expect other chain models which include only
interactions with close neighbors along the chain and
without excluded volume to have such an expansion.
Fixman and Mansfield!® and Martin?? have discussed the
perturbation expansion around the Gaussian chain in
which the perturbation includes a term E, from partial
exclusion and E, from nearest-neighbor attraction. In
these expansions Fixman and Mansfield have argued that
a term in (1/R) of the form In (N)/N appears at the 6
point. These terms seem to arise from both the exclusion
and the attraction. This means that chain models de-
scribed here without exclusion and attraction energies will
not show the second term expected from the Fixman and
Mansfield expansion. Their expansion may be considered
as another mode! for the description of relatively short
chains.
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The flexible Gaussian (G) and freely jointed (FJ) chain
models, both containing b and N as two adjustable pa-
rameters, can be made to coincide by requiring that the
slopes of the expansion of (1/R) in both cases be the same.
This requirement leads to a connection between the sta-
tistical lengths by and by, or between N and Npy since
the product of bN'/2 must be the same for both models.
From the numerical values given in Table I for the slopes,
one finds

bpy/bs = (Ng/Npy)'/? = 4.036/5.178 = 0.78 (28)

Thus, the bond length to be used in the freely jointed chain
model is 78% of the statistical length in the Gaussian
model. With this choice, these two models become in-
distinguishable in their prediction of R and Ry as far as
the first two terms in their large-N expansion in powers
of N71/2 are concerned.

The Gaussian chain model with stiffness contains three
adjustable parameters: b, N, and g. Since the slope of
(1/R) as a function of N-'/% becomes positive when the
chain stiffness is increased, it does not seem to be always
possible to collapse this model to a two-parameter model
with an effective b and N. It is observed in Figure 1 that
{1/R) and hence 1/Ry tend to the asymptotic limit more
slowly when the chain stiffness is increased, as expected
from persistence length considerations.

The substitution of the expansion of (1/R) into eq 8
yields ?Zn expansion for the hydrodynamic radius in powers
of N7!

Rg(N) /Ruy(N) =
A, bal/?
gliz 6RG(N) [A; - Bi(n) - (8/m) %2 /h*] + O(1/N)

(29)

in the stiff Gaussian chain model. Here we have eliminated
N2 using Rg(N) = (Na)'/2b/6'/2 + O(1/N) in order to
express the Rg(N)/Ry(N) ratio in terms of measurable
quantities. The right-hand side of eq 29 depends now on
three parameters, b, , and h*.

In the case of the flexible Gaussian chain model & = 0
B;(m) = 0, eq 29 reduces to

Rg(N)/Ry(N) =
1.504 — [b/Rs(N)][0.673 - (1/2)(37)1/2/h*] + O(1/N)

(30)

where we have used the numerical values for 4, and A,
from Table I. This equation may be used to interpret Rg
and Ry data for flexible, relatively short chains.

The main point we would like to make in conclusion is
that the interpretation of the diffusion experiments on
relatively short chains with molecular weights 10° or less
presents difficulties when accuracies of the order of 10%
are of concern, because the results of the experiment de-
pend on the parameter of the chain model, details of the
hydrodynamic interaction at short distances, and the
draining parameter. Here we have attempted to quantify
the effects of changing these parameters on R and Ry and
proposed eq 29 and 30 to be used to interpret Ry data.
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Appendix A
The problem is to expand
I == W J s Gt /b)
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into a power series in N°1/2, In the case of Gaussian chains,
we have

I(N) =
1/2 ~x? _ p-Nz?
46 f dx e 1 l-e
w N/2 1 - exp(-x?) N[1 - exp(-x?)]

A change of variable y = xN'/2 leads to

4(6'7%) 1 e
IN) = = —_—
M= N ¥ exp(—yz/N)

1-ev ]
N[1 - exp(-y?/N)]
The limit as N — « is
4(6172)

A, Sy - - e
8(21/2) /3 (A1)

The integration in eq Al is performed by integration by
parts twice. Now consider

4(61/2)f°°d e—yZ/N B l B
Y N1 - eV y?

4(61/2) eV N 1 i
f [ M(l —y2/N)2 y4 ](1 - e y)

The limit of the first term can be obtained by letting y =
xN'/2 gs —A,/N'/?

4(61/2)
e[

The second term also can be evaluated for large N as
A3/ N%2 + O(1/N? by letting y = xN/?, where

4(61/2)
= (.5673
fo| 2]

Then, the following expansion is found:
Al Aj _ 1 1

N‘/2 N3/2 N2 (6r)l/2

In the case of a freely jointed chain I(V) is given by

4 e Joy/NMY
I == dy NIL ~ joly /NY/)] [ o

1= joly/ NV
(l)—%’—/— (42)
NJ 1~ joly/N?)
The large-N limit can be obtained by observing
NI1 - joly/NY3)] =

IN) - Ay =

IN) = A, - + O(1/N®/2)

¥ y? ¥

E[ 1- M + 810N + 0(1/N3)]
2
6 180N

The latter can be verified by taking the logarithm of both
sides. Substituting these expansions into eq A2 and letting
N — =, one finds that I(«) = A, as in the case of the
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Gaussian chain, with the same A, given in eq Al.
To obtain the terms proportional to 1/N'/? we again
form

4 o Joy/N'3) 6
IN) -4, = = { dy [N[1 /N

4 f [Ja(y/N‘“)l —Joly/NYHN] 36

- e~ /6
N1 - joly/NY2)]? (1 "
(A3)

By letting y = xN'/2, one can show that the first term is
equal to -B,/N1/2 with

- __f Jo(x)
1 Jo(x)

The second term requires closer attention, because it leads
to a term proportional to 1/N. Using the expansions given
in eq A3 one can show after some algebra that the second
term behaves as B,/ N where

12 p=, 1-e¥/8 1 = .
= — ———— -y*/6
B, = 4« 5j;dy ) SJ:) dy e ]
_6(6)1/2
A

Hence, in the case of a freely jointed chain, we find

B, 6 1/ /2
I(N)=A0—NT/2+ ; 5N+O(1/N3)

A factor [Ny/ (N, + 1)]¥2 = 1 - 1/(2N,), where Ny, is the
number of beads in the chain, is needed to obtain the
expansion coefficients in eq 15a and Table I. This factor
affects only A,, the coefficient of 1/Nj,.

Appendix B

We want to construct a multidimensional Gaussian
distribution

P(bY) = A exp[-/oM;b;b)]
such that
(byby;) = b2l

will strictly hold. This implies that the correlation matrix,
which is the inverse of M;;, must be of the following form

1 i 7 EN -1
be u 1 I e TN
M-! —_—
3
gVt g g 1

The inverse of this matrix can be verified to be

3 L lg 1+ 5 0
b Y
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M?3/2/(27)3N/2 is obtained by using
M = [3/b%(1 - g9V - ?)

The normalization A =

Appendix C
Start with
1 X N-s
I(g) = —
and form
1(0)
I(p) - T
_1— ‘1— IZV: (N=-39)[(s—~(1- nf)) /2 - s‘1/2]
/2 N2 o Y I
where

vy =8/

Use the trapezoidal rule to replace the summation by an
integration

1(0)
I(p) - T
LI Y 1N-
(aN)1/2 N3/2f1 ds (N-s9)[..]+ 2 R (a1/2 -1

The last term is the usual end-point correction term. Since
the integral of s[...]/N'/? from one to infinity is finite due
to the subtraction, its contribution is of the order of N1,
Using b(1/R) = 2(6/7)"/2I(n) one obtains eq 23.
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